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　　　　　　　　　　Torao　UCHIDA
(Ｓｅｍｉｎａｒ ０/ Ｍａtｈｅｍａticｓ, Libeｒal　Ａｒtｓ　ＦａｃtＵtｙ, Ｋｏｃｈｉ Ｕｎｉｖｅｒｓiiれ
　Recently　Mr.　Konaka has proved the　interesting.results between　Simson's line and
Feuerbach's circle　by using F. Morley's point　circular coordinates. In this paper,　l
will extend this result in the case of Langley's Simson line.
　Let three points tl> tit t3 be in ａ circle, then the equation of the line h ifois
　　　　　　　　ズ+ytitz= ti+ t.
where‘ｙis conjugate of ズ.
　The line passing through　the point Ｚon　the circum circle and perpendicular to the
linｅ　ｈｈhas the equation　　｀
Then the equation of the intersection of these two lines is
ズ＝
１
－２
(zl十ら十z－や)
If we introduce the elementary symmetric functions
Sl　=　t＼＋た＋Z3，S2＝ZIZ2＋t，tａ+ t3tit Si ―tiMi
the previous equation is written simply
ズ＝う2 (si-it3十z一芸）
and the conjugate of (1) is
司飛三弓八）
(1)
(2)
　Eliminating ^3 from (1) and (2), we get the equation of the Simson's line of Z with
respect to the triangle △tltit^l
政二ｙs3°2
if
（Z3十Syf" －Ｓｉt－S3）
The equation of the line making given angleαwith the line Mi is
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　　　　　　　　　　　　　　　　　　　　　　Ｉ　Ｉ．．　り　･･
x(tcota + l)十ｙttべ2 cot a ―l)=t(icotix十Jt)十丿五俵(たｏt４べ)
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　２
Therefore the equation of the intersection ｏ'fthese two lines,
ｘ＝古{Z(ｊｃｏtα＋1)－(gl十hXicota-1)十等(/cot≪-l)
j-
　If we introduce the elementary symmetric functions, as before,
　　　　　　　SI＝Z1＋た+ t3> S2 = M2 + M3 + t3tl, ' S3-れたZ3，・
the above equation is written,　　　　　　　　　j
ズ＝
古{Z(ｆｃｏtα＋1)－(SI－Z3)(ｊｃｏtα卜15ぎ奈(?cota-l)}
and this conjugate is
　If
line
(3)
1 fl･C?cota + l)-(普‾去)(卜０り‾t)十管(?COta-l)|㈲
we eliminate Z3 from　(3) and (4.),we get the equation of the Langley's Simson
XZ一>'53 =
士{2(12－s3)十(t
cot a一旬(Z3－si12十sリーSo)}
　Hereafter we write simply the above equation £(a).
　Theorem (Konaka)
　The locus of the intersection of Simson lines of the both ends of the diameter of
the circleis Feuerbach's circle.　　　　　　　　　　'.
　Proof.
　Take three points　ti{i=･1，2, 3) on the unit‘circle,then　the self-conjugate equation
of the Simson's line of ａ point Ｚ on the circle with respect to the triangle ht.tz is
given by
tx-S3y °jy(z3十slg2‾sｊ‾s3)
(1)
where Si, S2, S3 denote the elementary symmetric, functions of ら.
　.Let　the　other end　of　the　diameter passing, through the point　Z　be　バ, the self-
conjugate equation of the Simson's line of t' with respect to the triangle tiMi is
t'x-＼･s3＝古(μ3十ｓだ２－Ｓｔぴ-S3)
(２)
where Z＝－μ
３The equation of the intersection of (1) and (2)
Therefore
戈＝ 訃子）
ト剽七ト則七
　Hence　the　locus of　the　intersections of　the　Simson's lines of the both ends of the
diameter of the circle is the circle whose centre ｉＳ‘the middle point between the
origin and the orthocentre嗇and radius iS士．
　Next taking this diameter as the special case,
　　　(1)the diameter passing through the point Z1
　　　(2)the diameter parallel to the three sides of the triangle ht.h　　ヽ
　　　(3)ヽ。thediameter perpendicular to the three sides of the triangle な２Ｚ３
　We　can　easily　prove　that　the　above　circle　is　Feuerbach's　circle. By　Konaka's
interesting results, we can　know the relation　between Simson's line and Feuerbach's
circle. I will extend the Konaka's result in the case of Langley's Simson line.χNe get
the following theorems.
　Theorem　１１
　The locus of the intersection of　the Langley's Simson line of the both ends of the
diameter　is the　nine　points circle. If a varies> then　the　locus of the centre of　this
nine points circle is perpendicular at the middle point of the Euler's line.
　Proof.　　　　　　　　　　　　　，
　The equation　of the　Langley's　Simson line of the point Ｚ on the circle with respect
to the triangle tltztiis
ｽﾞZ－ｙS3＝士{2(Z3－s;)十(?'cotα－1)(Z3 －SIZ2十sｊ－S3)}
and the equation of the Langley's Simson line of the other end point μof the diameter
U' with respect to the triangle ilMz}
ニズt-ys3'‘゜
±12(－Z3－s3)十(?'
cotα－1)(－Z3－slZ2二S2if-S3)}
Now if we subtract each other,
　　(l-?cotα)S1　　(1十?'cotα)S3
ズ＝　　　　　2　　　‾‾　　　　Z２
　　　　　　　　　り
　Therefore, the locus of the intersection of the Langley's Simson line of the both ends
of the diameter of the circle ,isFeuerbach's circle whose centre 'iS　1 ‾fjot
゛ ，
and if α
･(3)
〜???
４
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varies, the locus of the centre of this FeuerbacK's circleis t)ｅゆendicularto the midd】ｅ
point of Euler's line.　　　　　　　　　　　　　　･･..卜゜
　If we change the diameter with the chord, we get･the followir!ｇtheorems.
　Theorem 12　　　　　　　　　　　　　　　づ　　　　'Ｉ
　The intersection of the Simson line(in commoれmeaning) of the both ｅｌ!dsof the any
chord ゛1゛ 20f the circum circle of the triangle りt:t3is the c?rthopole of the line らり.
　Proof.
　The equation of the Simson line of the point "i with'r‘espectto the triangle ZIり3 is
　　　　　　　らズーyss°☆(゛13十S1゛12‾SA‾Sｿﾌﾚ＜∧
　Similarly the equation of the Simson line of the･ppin:t "z is
りズーys3 =止(ら３十Sl<'/*-S2''2-S3)"
Now if we subtract each other
ズ＝うし(s1＋ぴ1＋ぴ2＋-縦乱-
　Therefore we get the theorem.
　Theorem １３　　　　　　　　　　　　　　　　　　　　　　１
　When the lines passing through the point Ｚon the citcum circle M^t-i rotate around the
point V, the locus of the orthopoles （yf these lint･S wrth respect to the triangle h /2 Z3 iリhe
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　I.　　　　　tSimson line of Ｚﾉ． 　 犬
　Theorem 14　　　　　　　　　　　　　　　　　　二
　If II coincides with the origin (the drcumcentre)･inよTheorem i3 the locus of the
orthopoles is the nine points circle.　　　　　　　　y　　　＼，　　≒
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　り　　　jlInstead of proving Theorem １３ and Theorem‘14, we will　more general following
theorem.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　‥
　Theorem　15　　　　　　　　　　　　　　　　　　，
　If tiis any point in Theorem 13， the above !ocus is the ellipse.
　Proof.
　The equation of the line passing through the poirit ttis　　　　　　｀
　　　　　　　　ズZ十ｙ＝ｇ十拓　　　岡＝１　　　　　　Ｔ＜　　　　二　　　　　　　　　●ヽ（1）●
　where V is conjugate　of tt.　　　　　　　　ご　　　‥
　The equation of the line passing through h and perpendicular to (1),
　　　　　　　　xt-y = M一生　　　　　　　　　　　　　　　　　　　　　　　　　　（2）
　　　　　　　　　　　　　　　h
The equation of the intersection of (1) and (2)
バトこ←(白余)}
５The equation of the line t->t3,
λi+yt.4a =t2 + t3 (4y)
Therefore the equation of the line passing through (3) and perpendicular to (4-)is
･づり=刮,ふ1＋ぽ
Similarly we get
一石ト牛ぴ
x一丿ih =古{μ＋z３＋(子一言)}
十上十(ut-ht)
　tl
一等卜十ヽと十{llt-Uり
Therefore the intersection of these two lines,
x°{{zj十(zl十z３)十今}十念(jよ7十t)=-と(ｓ十sl)十万(今十zs３)
　Therefore the locus of the orthopoles is the ellipse whose centre is
{･(ｓ十Si),
that　is
tｈｅ?iddle point of the segment which passes through ｕ and the orthocentre.
　Theorem　１６
　The intersection　of　the nine points circle and the pedalcircle of the isogonal ｐｏｉｈtｔp：／／ｗwｗ.th.respect.to.the.triangle
.ZIらZ3.is.the.intersection.of.the.Simson.lines.of.the
both.ends.of.the.diameter.passing.through.ｘ． ｙ.
　Proof.
　Let≪i．
≪i’U
= l, 2, 3) be　the　lengths of the perpendicular from　the　two　isogonal
points tｏヽthe　three sides of　the　triangle, and Xj, ズバ(i = l, 2, 3) be　the sym metric
points about the three sides, then by Ptolemy's theorem we get
　　　　　　　　4≒ξﾊﾞ＝ρ２－∂２
where P is the diameter of the pedal circle and ∂･is equal to lズーx'＼.
　From l-yxi=--a一丿2)(1一丿3)) we get easily the equation of the circle
which passes
through xi, X2>ズ３，'
1づｚ=(1‾μl)(万言)(1‾μ止
Let the centre of this circle be ズ1, then we get
1ｙｙ(1‾μ)(万言力づ公
On subtracting (2) from (1) we get at once
Ｚ－ズ／＝
(1 )(1一丿
-
(1一砂 1-yt
ズーZ）
(1)
(2)
＝（1－ｙｙ）r
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where目＝1.
　Hence　P = ＼l-x'列，ρ2=･(1－ｙy)(1－ズダ)
　Therefore
ρ２－δ２＝(1－ズり)(l-xが)－(ズーｙ)(メータ)＝(1－蜀･)(!－ｙｙ)
4≪i≪iタ=(1-ズｙ)(1－ダダ)　　　　　　プ｡　　　　　　　　　‥
Hence the equation of the pedal circleis
　　　　　　　2z= x十ｙ十(1－μ’)Z，　　　　　岡＝１
As X andズ' are isogonal conjugate points, we get"　　・
　　　　　　　ズ＋ズ'+ Sa3'J''= Sl　　　　　　　　　　｀　・ヽ.　　　　　・
Therefore the equation of the pedal circle iS･also written as follows
　　　　　　　　22 = Si-S3VV'十(１－μりＺ　　　　　　　　　　　　／
　If we put　ズ゜o･ズ仁゛sl･we can know that this circleis tｈむnine points circle whose
centre　is the　middle point of the segment passing through the circum centre and the
orthocentre.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　I
　　　　　　　　　　2z= si+ t
　●　　　　　　　　　F　　　　　　　　　　　　　　　　　　　　　r’¥Therefore the intersection of the nine points circle"andヽthe pedal circleis
α＝ 訃一芋)，　緋レ苓)
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　.l･k･　　　　　　　　　　　■
where Si, S2> S3 denote the elementary symmet戸C functions Of t,.
　　Now if we take the coordinates axis sach that ズ!is on the fea! axis, we get
x'^-y' α＝{(sl－s３)
　On the other hand the equation of the Simson line of the point Ｚ on the circum circle
ｏｆ△hhti is
xt-ys3==古（Z3十Z2S1－Sμ－S3）
　Hence replacing Ｚ°士1, we get the equation of.the Simson lines of the both ends of
the diameter passing through ズand Xタ１　　　　　■　¬　　　　　　　　　　　　　　　●』●
ズーyss =-9(1十SI－S2－S3)
ズーVS3 =一古(－１十S1十S2 -S3)
７We get the intersection of these lines
ズ‾
言(s1－s３)
that is the intersection of the nine points circle and the pedal circle.
　Thus the proof of our theorem is complete.
　Theorem　17
　If　the　two　triangles　Mzti　and　h'tiなど　are　inscribed in the same circle, the angle
of the intersection of Langley's Simson　line of any point Ｚon the circle with respect
to the two triangles tltzsand ty't.り／.
　Proof.
　The equation of the Langley's Simson　line of the point Ｚ on the circum circle with
respect to the triangle ZIならis
£(“)：Xt-yS:i °古{2(Z弓‾s3)十(ｊｃｏt“‾1)(Z3‾s112十s2Z‾s3)}(1)
　Similarly　the equation of the Langley's Simson line of the point　Z･ with respect to
the triangle t/t2などis
乙(α勺:xt-ys♂＝士{2(13－s／)十(ｆｃｏtα－1)(Z3－S1り２十s2々¬s♂)}(2)
where Slべs-.'.s♂denote the elementary symmetric functions of ti'' that is
　　　　　　Sｙ＝Zｙ＋Zｙ＋Z♂。　S2'=tlなど＋Z2り♂＋Z3々1ヶ　　Si' = t/tiり♂
Let the angle of the intersectionof L(a) and Ua') be∂then we get
　　　　　　　jj∂＝j（θ1十θ2十θ3－θｙ－タノーθｙ）．
where ty.゜j∂μﾀ
　We get
£ぶ゛ｅｉＯぷ 伽＝1， 2， 3).
∂＝上(∂1十∂2十几－∂ごー∂ｙ－∂♂)＝ｃｏｎＳt.
　　2
　Therefore we get the theorem.
　Theorem　１８
　The locus of　the　intersection of the above Simson's lines is the curve of the second
degree.
　Proof.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　一一
　Eliminatingズfrom the above equations L{a) and ＺＬ(?).
y(S／－S3)＝士(2(s♂－S3)十(ｆｃｏtα－1)し(sバーS1)十Z(sｊ－S2)十SバーS2}〕
8Therefore
If we put
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2″(゛ｃｏ９－1)｀ご≒ご゛゛(゛ｃｏ吋二lyびこと-+{(?■ cot･･-1) + 2U
ｙニＸ一lY
Si''-Si-
S3^-S:i
＝α十必，
we get the quadratic equation of ｘ and
一封ここと-=c+id，
　S3'-S3
Z＝j∂
ｙ
2X=(-bcotα－α＋1)ｃｏＳ∂十ぐ(l^a) cot a+b} sin 6―dcot a ―c
2ｙ＝で(α＋1)ｃｏtα一分ｃｏＳ∂－(1十Z*).sine十ccotα－ｊ.
Eliminating∂we get the equation of the second degree whose variablesare X, Y
〔2仙－(α＋1)ｃｏtα} X+2(bcota + a-l)Y-Cａｄ十ｄ一加)ｃｏt２ａ－2『
cot≪十be-ad十ど』2十〔－2(1十b)X'+2{(l-a)cota十&}ｙ十c(l-a)
ｃｏt２α十(＆十ad-bd-2ば) cot a ―c一加一心£〕g＝〔(1－♂)ｃｏt２α十(&２
－2必十b) cot a十&２十ab-a-･&－1〕２，　　　　　　＞
　Theorem　19　　　　　　　　　　　　　　　　　　' .，●
　When two triangles tiMi and ４らび３　are inscribed in the same Ｃｉｒむle.three Langley's
Simson lines of the points with　respect to the .μiangle titih' make ａ triangle which is
similar to the triangle ららら.　　　　　　　　　／
　Proof.
　Three Lang!ey's Simson lines have the follbwiねｇｅ(!uations,
ズiTi-ys･３
ズ0-2 ― VS3°
Xirs -ySi°
☆{2(Q3－S3)十(?COt
a-l)(o-i'*-Sicri^よS2O-1-S3)}-
士{2(゛23‾s３)十(?'cot
a ―1)ﾔ23‾S4ツ２＋駒９‾S3)}
し{2(り３‾s３)十(/cot
a ―､!)(､0-3'*―Si(r:j2十S2a-2―S3)|-
where s1， Si, S3 denote the elementary symmetric functions of fl) '2' .ら.
　Let the equation of the intersections of tｈｅ?9 three linesｿﾞ恥ズ1) Xi,ズ3, then
Xl ―0-2十び３十‾こと十うk(jcol“‾1)(゛けi？71十謡ご)
X2-<r:i + 0-1+･jた‾十七/cot “‾1)(う+ 0-1―S叶言７)
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●Ｊ Ｆ
ズ３＝Ｑ＋cｒ2＋言ご十｀と(?COta; ―l)(tri +付石汁言お)
(1)
The condition that the triangle ズ1，ズ
１
吼
ズ1
?????
ズ３
1
ぴ３
ズ３
is similar to the triangle Cl) CZ。r3 is
＝０ (2)
９
　Substituting the above　values of Xi,ズ2，ズ3> we can easily prove that the value of
tｈｅヽdeterminant of the left hand side of (2) is 0.
　Theorem　２０
　The Langley's Simson line of the point Z61 0n the circumcircle of the triangle　tv Ｚ２Ｚ３
and those of the both ends of the chord U2Z13- Which is perpendicular to it are concurrent.
　Proof.
　The equation of the Langley's Simson line of Ml and M2　with respect to the triangle
titit.iare respectively,
　　　　　　１
ズzf¬ｙs3°ｊ7
{2(ｓ23－s３)十(i
cotα－1)(z,２３－slｓ22十S..?<2 －s３)}
Therefore the equation of the intersection of these lines is
ｽﾞ.=･jy{(仰十g2十瓦7jJ)(ｊｃｏtα＋1)－(ｆｃｏtα－1)s1} (1)
　Let　the ･coordinates of　the intersections of £（α) and the unit circle be ^l> ^2> then
^i, r are two roots of the following quadratic equation,
xμ1－1;-＝士{2(zg13－s;)十(^■ cotα－1)(μ13 －Ｓ＼Ｕ＼＾十s2ｓl－S&)}
From the relation ･of the roots and coefficients,
　　　　　　ｒ1ら＝－ｊＬ
　　　　　　　　｀　　　Z11
By the assumption; as U2U3 is perpendicular V2.
　　　　　'-1^2十ti2Zh = 0
Therefore,
μ2μ3＝‾ｒlｒ2＝
九
ｇ1
'Substituting the values of (2) in (1), we have the equation,
ｉ＝･ｼﾄ1十g2十g3)(ｊＣｏtα＋1)－(ｆＣｏtα－1)SI}
(２)
j;十丿zglzg2＝ｌ
こべ2(z･2.３－s)＋(jci)t.ラー1)(zg23.－S)1ね,２十Ｓａｌt２.-S3)} (4)
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As this epuation is the symmetric function‘of･tH> ■Wo, ≪≪3>　weget the theorem
　Theorem 21　　　　　　　　　　　　　　　　　　　‥
　Let the chord which makes the angle a withﾚtheづLangley's Simson line of the point
附ｏｎ the circumcircle of the triangie Ｚ山t.i with respect" to the triangle titits be U2U3J
then u-Ati＼and tCill2 make the angle a with　the Langley's Simson lir!es of ti2, u-i with
respect to the triangle titzt-Aand also tit-Attxtt!, tj..･make the angle with the Langley's
・　　　　　F　　　　　　　　　　　　　　　　　　　　　　　　尋　　●　　●。　゛“　　　-●.J
Simson lines of ti.hバ３ with respect to the triangle tllUzl臨。ダ
　Make respectively make the angle oc with the Simson line of Z1，j2にZ3 with respect
to the triangle tlltl^Uz-　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　・　.
　Proof.　　　　　　　　　　　　　　　　　　　　　　　ｙ　l'　　　・白ご　　　　　　　　●
　The equation of the Langley's Sim son line of til with t･espect to the triangle ht.h is
£（α）：x^^-ys3 =止
{2(“lj‾s３))T(･?cdt
a ―1)(ね13‾si“12＋s2“２－s3)}･
　The equation of the line passing through'･z１２　andmakir!ｇ angle a with the line
乙(a) is　　　　　　　　　　　　　　　　　　　　　　‘･　　　　　　　　　　･●
てitiX-S3V °tUlllo.
where ｒ＝ｅ‾2iαis
(1)
　Let the intersection of the line L (a) ar!d the.. unit　circle be Ua, the equation of the
line passing through U2 and Us is　　　　　　　.j　　　　　　　　　　　　　　:　　　　　　　　，
　X + U2U:iy°恥十恥
As the lines (1) and (2) are the same,
Therefore
r≪≪i　　－S3
-＝-
　1　　　μ･2≪≪3
-S.i = '^tliμ2Zぶ3
ズU2 - yss =
(2)
le Simson line L (aぺ･passing･ through Ui with ｒｅ･
　　　　　　　　　　　　　　　　　　　i
止{2(阿３‾S3)十(i cot °ナド瓦3－SIヅデS2tt2―S3n (3)
Substituting the above values in (3), we get
　The equation of th son e O p･assing ough h respect to the
triangle tit2.t:iis　　　　　　　　　　　　　　　　　　。　　　　　　　　　　　　　　　　　　　　≒
????????
???????
?
?
?
?
???
帥
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On the other hand the equation of the line passing through the points th> U-jis
　　　　　　ズ÷ｙ勧陶゜μ1＋陶
　Let the　intersectioa 0f the line iblU-, and the Sim son　line　L'{a) be xi, the equation
of the line which makes the angle ―a with the line passing through the point ズl is
　　　　　　ｊ;十り･tiZt-iy=Xi + Xi^thu-i　　　　　　　，
As the point Xl is on the line 乙ぺa), we get
㈲
j;1十Xi'^thih °ｊﾑﾊﾞ2（“２３－s３）十（２ cot “‾ﾘ(W2''-Sl“22十Ｓ２Ｍ２‾S3）
Therefore the above equation coincides with ㈲ａｎｄthen　we get the former part of
the theoren. Similarly we can prove- the latter part.
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